In the present paper, we investigate the polarization properties of the cholesteric liquid crystals (CLCs) with an isotropic/anisotropic defect inside them. Possibilities of amplification of the polarization plane rotation and stabilization of the light polarization azimuth by these systems are investigated in details.
INTRODUCTION
In recent years, considerable interest has been attracted to the photonic crystals (PCs) [1] [2] [3] [4] , which are a special class of artificial and self organizing structures with periodic changes of spatial dielectric properties in the scale of the optical order of wavelength. Such media are also called photonic band-gap (PBG) systems, since there is a zone of frequency in their transmission spectra, where light undergoes diffraction reflection on their periodical structure. The interest in PCs is conditioned both by their interesting physical properties and wide practical applications.
As these structures are designed artificially, or in a self organizing manner, they can be prepared with beforehand given properties, which lead to many challenging problems of theoretical and applied character. The optical elements constructed on the basis of PCs result in intelligent, multifunctional tunable optics, which possess many favorable traits, such as their compactness, small losses, high reliability and compatibility with other devices. Cholesteric liquid crystals (CLCs) are the most representative among the one dimensional (1D) chiral PCs, because they can spontaneously self organize their periodic structure, and their PBG (that exists only for circularly polarized light with the same handedness of the CLC helix); and they can be easily tuned over wide frequency intervals. This polarization-discriminatory filtering characteristic of a CLC is attractive in optical technology. Liquid crystal devices (LCDs) are well-known building blocks of many modern electro-mechanical-magneto-optical systems. Among these special LCDs are: linear polarization rotators [5] [6] [7] , dynamical wave plate retarders, achromatic [8, 9] pixilated LCD for displays, spatial light modulators, tunable filters [10] [11] [12] , mirrorless dye lasers [13] [14] [15] , optical diodes [16] [17] . Recently the CLC having various types of defects have been considered from the point of view of generating additional resonance modes in them (see [18] [19] [20] [21] [22] , and the references cited in [18] [19] [20] [21] [22] ).
The state of polarization, as the fundamental property of a light wave, has drawn a great deal of attention due to its interesting properties and potential applications. In such polarization sensitive systems as: waveguides [23] , coherent detectors [24] and polarization-based switches [25] , the state of polarization plays an important role. And in wave-length-division-multiplexing systems, the polarization-mode dispersion, polarization-dependent loss and unpredicted state of polarization drift (due to thermal, mechanical or pressure perturbations) can be accumulated, which present a challenge for long-haul telecommunications [26] [27] [28] [29] . To control the state of the optical polarization a number of useful polarization controllers, such as: a squeezed fiber [30] , rotating wave-plates [31] , electro-optic wave-plates [32] , Faraday rotators [33] [34] [35] [36] , and rotating magnetic field type ones [37] have been reported. An important problem of ellipsometrics (as well as polarimetrics and optoelectronics) is as follows: the elements of optical systems are usually polarization sensitive, and these elements change the polarization state of the light. Each of these elements carries out its own function for a given polarization. Hence, the application of a polarization azimuth stabilizer becomes important. Polarization azimuth stabilizers must satisfy the following condition: the change of the light polarization state at the stabilizer's entrance must not substantially change the polarization state at the stabilizer's exit. The possibilities of polarization azimuth stabilization by an anisotropic/isotropic homogeneous/inhomogeneous plate are discussed in [38] [39] [40] . In the present paper, we also investigate the possibilities of using CPCs with a defect as tunable polarization azimuth stabilizers.
Measurements of a light beam polarization state lie on the base of many fundamental experiments of the modern physics, such as the experiments connected with parity violation in atoms [41] [42] [43] [44] and detection of magnetic birefringence of vacuum [45] , as well as with the applied physics measurement techniques -for instance in magnteometrics [46] and ellipsometrics [47] . The shot noise restricts possibilities of weak changes in the laser beam polarization state. There are also other resources of optical noise, which restrict the polarimetric measurement sensibility. In such cases, the amplification of the light polarization changesbefore the light beam had reached the polarimetric detecting system -would lead to an increase of the system's sensibility.
There are many ways of amplification of the polarization azimuth weak changes (see, for instance, [38] [39] [40] [41] [51] [52] [53] , as well as the references cited there). In [51] , a method is described in which a dichroic plate is used to amplify the polarization plane weak rotations, but the amplification leads to a decrease of the signal intensity. In [52] , a way of amplification is offered in which the light beam reflects from the isotropic half space medium. But in this case, too, the intensity change due to the polarization azimuth change is decreased if the amplification coefficient increases. As it is shown in [52] , choosing appropriate (larger) beam intensity, one can measure the almost vanishing rotations of the polarization plane, see also .
Let us note that in certain experiment conditions the signal intensity values are restricted by the linear optics limits, which, in its turn, restricts the possibilities of the above-said methods.
Besides, large intensities worsen the polarimetric measurement sensibility, and there are cases when there is no possibility of having large intensities, at all. These make the search of new possibilities of the polarization plane weak rotation amplification very important.
In [39, 40] , a simple and effective method is offered for this, namely, the use of an isotropic /anisotropic layer doped with amplifying molecules (luminescent ones, or dye molecules) as a polarization plane rotation amplifier. In [40] , some peculiarities of light polarization weak changes are investigated, which take place if light is transmitted through a CLC layer doped with absorbing/or amplifying molecules. It is shown that the CLC layer can be used for amplification of the polarization plane weak rotations.
II. THE METHOD OF ANALYSIS
The problem is solved by Ambartsumian's layer addition modified method adjusted to solution of such problems (see, [18] ). A CLC layer with a defect can be treated as a multi-layer system: CLC(1)-Defect Layer-CLC(2) (Fig. 1 ).
The problem of finding the reflected and transmitted wave amplitudes can be presented as follows: where the indices i, r and t denote the incidence, reflected and transmitted fields respectively; R and T are the reflection and transmission matrices of CLC(1)-Defect Layer-CLC(2) system; ,, , , 
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where the tilde denotes the corresponding reflection and transmission matrices for the reverse direction of light propagation, and Î is the unit matrix. The exact reflection and transmission matrices for a finite CLC layer (at normal incidence) and a defect (isotropic/anisotropic) layer are well known [42, 43] . First, we attach the defect layer (DL) with the CLC Layer (2) from the left side, using the matrix Eqs (1). In the second stage, we attach the CLC Layer (1) with the obtained DL-CLC Layer (2) system.
We pass on to the investigation of possible uses of these systems as polarization azimuth stabilizers with a tunable azimuth.
Let us present the incident light field in the form:
cos sin
where  i is the azimuth and e i is the ellipticity of the incident wave. We investigate the transmitted wave azimuth and ellipticity dependences on the incident wave azimuth and ellipticity for a CLC layer with a defect layer inside. Our calculations show that in the general case the transmitted wave is elliptically polarized and its ellipticity and polarization azimuth essentially change with the incident light azimuth and ellipticity.
For the x-and y-components of the transmitted wave we have (according to (1)):
The connection between the azimuths,  i and  t , of the transmitted waves is defined by the following formula: 
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Substituting this expression into (5), we get:
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The complex conjugate values are denoted by asterisks. The azimuth amplification coefficient, f , is the derivative of  t by  i :
where
Another important azimuth amplifying characteristic is the amplifier resolving power, R.
according to [38] , we have for the resolving power: (for the isotropic defect).
III. THE RESULTS AND THEIR DISCUSSION
As it is known, the polarization plane rotation amplification and polarization azimuth stabilization take place due to the azimuth non-equivalency. This non-equivalency leads to a 
-is greater than the unit (here the given device can work as a polarization plane rotation amplifier) and there also are some ranges of  i where f<<1 (here the given device can work as a polarization azimuth stabilizer).
As it is shown in [38, 39] , the period of the f with respect Besides, the azimuths of f maximums coincide with those of t e . This explains the fact that the increase of the polarization plane rotation of the amplifier is so small at the maximum amplification.
Polarization plane rotation amplification takes place in the CLC layer, too. But in contrast to the ordinary isotropic/anisotropic media, the number of those parameters on which the amplification coefficient depends is increased in the CLC layer (it gains one parameter more, namely, the helix pitch). Besides, the CLC parameters are easily tuned and therefore the investigation of peculiarities of the azimuthal inhomogeneities in the CLC layer and the CLC layer with a defect inside is very actual. When using a CLC layer, the light transmitted through it has an elliptic polarization, and this ellipticity is usually greater at the azimuths of maximum amplification and it leads to an essential decrease of the resolving power of the azimuth measuring device. As the calculations show, the period of f in respect of i  is  in the CLC, too, but if i  changes from 0 to  , f has only one maximum -and it is greater than the unit.
Here, too, the maximum of f coincides with the maximum of the azimuth, 
, p is the helix pitch (this parameter characterizes diffraction efficiency). As it is shown in [41] , the dielectric borders lead to a significant increase of the polarization plane rotation, about 12-25 times, as well as to a likewise increase of the nonreciprocity in the CLC [16] . Then, the local anisotropy influence is maximum at the wavelength equal to the helix pitch, as well as at the Mogen limit (/), i.e. if the helix pitch is much more than the wavelength in the medium. In the latter case, the influence of the spirality sharply decreases and the CLC behaves like an ordinary anisotropic medium from the viewpoint of the behavior of f. can propagate (the other one with another polarization coinciding with the helix sign is almost completely reflected), the system here does not "remember" the incident light orientation connection with the director orientation, and the amplification almost vanishes, f  0, and the thicker the CLC, the more complete is the reflection of the resonance circular reflection and the more is the proximity of f to zero.
But here the mentioned layer cannot work as a polarization azimuth stabilizer, because the ellipticity of the transmitted light equals to the unit (i.e. the transmitted light has circular polarization).
The difference of  from the unit makes the transmitted light elliptically polarized and its polarization ellipticity in the PBG depends weakly on the polarization azimuth angle of the incident light (due to multiple reflection), and f becomes a little different from zero. If the CLC thickness increases, f decreases in the PBG. At the borders of the PBG, when both circular polarizations propagate in the CLC, and the anisotropy influence is great, the amplification is maximum. Away from the PBG borders, this maximum amplification decreases with oscillations, but it is always more than the unit. If d/p<1, the anisotropy influence sharply decreases, therefore, f  , in this case. The amplification is also absent at dn<<1, in ordinary anisotropy media.
In the intermediate case, d/p~1, the waves of both circular polarization propagate in the PBG (and the reflectance coefficient of the diffracting polarization in the PBG is of the order of 0.5). It leads to the maximum amplification at the PBG center.
Let us pass on to investigation of the amplification peculiarities in the CLC layer with a defect inside. When there is a thin defect in the CLC structure, it leads to emergence of a defect mode in the PBG. It maintains itself in the form of a dip in the reflection spectrum of the light with the right circular polarization (diffracting polarization), and in the form of a peak in the reflection spectrum of the light with the left circular polarization (non-diffracting polarization).
The CLC helix is a right one.
As our calculations show, in this case the new azimuth inhomogeneity peculiarities emerge at the defect mode wavelength and nearby this wavelength. In Fig. 2 and it is at the CLC layer right edge, d d =2.5 m, =0.625 m.
In Fig 2a, the defect is anisotropic and is located at the CLC layer center. In Fig. 2b and 2c , the defect is isotropic and is located at the CLC layer center. In Fig. 2d the defect is anisotropic (and it is a half-wave plate) and it is located at the CLC layer right edge.
The calculations were carried out for the defect mode wavelength. As it is seen from the figures, in this case -in contrast to the homogeneous CLC layer case -again, two maxima of the f on i  dependence emerge, if i  varies from 0 to , as they do in ordinary anisotropic media.
But in contrast to the latter, these maxima are not symmetrical in respect to the line, 2
The azimuths of the maxima of t e mainly coincide with those of f . But in contrast to the homogeneous CLC layer, or the inhomogeneous plate, this is not a rule (see Fig. 2c and 2d ). In this case, a situation is possible, when t e has a minimum with 0 t e  at the maximum amplification azimuth. But here not only the great values of the solving power are at the maximum amplification azimuth, but the transmitted light intensity is minimum. Such situation takes place when light reflects from an anisotropic plate at the Brewster angle [52] , as well as in the case of light transmittance through a dichroic plate [51] .
Now we pass on to the investigation of the polarization azimuth stabilization. In Fig. 3 , the dependences of the transmitted wave ellipticity, e t , (a), and the azimuth,  t , (b), on the ellipticity, e i , and the azimuth,  i , of the incident wave are presented. As can be seen from the figure, in this case, indeed, the ellipticity and polarization azimuth of the transmitted wave vary significantly when the incident light azimuth and ellipticity change, and practically no azimuth stabilization takes place. As our calculations show, we have good results when the defect layer is a quarter-wave plate and is located at the CLC layer left edge, i.e. if light is transmitted through the NLC-CLC system. Indeed, аs can be seen from the figure, in this case, the transmitted wave ellipticity practically does not depend on the incident light azimuth and ellipticity. Some change of the transmitted wave polarization azimuth is observed nearby the point, e i = 0, at  i = /2 (see Fig. 4 ). Detailed investigations show that better results are obtained for the system NLC-CLC-NLC, for the case if the NLC layers are quarter-wave plates. In Fig. 5 , the same dependences as in Fig.   3 are presented for this case. As it is seen from the figure, the system can work as an ideal polarization azimuth stabilizer in this case. The transmitted wave azimuth does not vary if the incident wave azimuth and ellipticity change. Moreover, the transmitted wave polarization azimuth can be changed through the change of the angle, t  , between the NLC layer optical axis and the incident light polarization azimuth. Since this angle can be changed mechanically (for instance, if the anisotropic layer is solid) or by an external static electrical field, we have an ideal polarization azimuth stabilizer with a tunable azimuth of stabilization. This system can work as a polarization converter. We can continuously rotate the azimuth of the linearly polarized light by continuous change of the NLC layer optical axes orientation. This system could be used as a polarization axis finder, or phase modulator for analyzing biological tissues and polarizing materials, or in diffractive optics, and in other optical elements.
Conclusions
We investigated the peculiarities of polarization plane rotation amplification when light transmits through a CLC layer with a defect inside. We showed that the system gains new azimuth inhomogeneity peculiarities at the defect mode, which distinguishes the system from the homogeneous CLC layer. In particular, we showed that for certain parameters of the problem, the polarization azimuth maximum amplification can coincide with the polarization azimuth of the ellipticity module minimum. But as in the cases described in [51, 52] , in this case, an improvement of the solving power does not happen. Probably, from this side of view, the amplification method described in [39] can be more perspective.
We also investigated the peculiarities of the polarization azimuth stabilization by the CLC system with a defect inside, and we offer a tunable polarization azimuth stabilizer.
